It is shown that the use of phase conjugation in one arm of a correlated two-photon imaging apparatus allows undistorted ghost imaging through a region with randomly-varying phase shifts. The images are formed from correlated pairs of photons in such a way that turbulenceinduced phase shifts gained by the photons during passage through the medium cancel pairwise. 
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Introduction
In correlated two-photon imaging [1], also known as ghost imaging, images are constructed by means of spatial correlations between pairs of photons. These pairs may be quantummechanically entangled photons produced via parametric downconversion, or spatially correlated pairs from a classical light source [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. In each pair, one photon (the target photon) interacts with an object, then strikes a single-pixel detector with no spatial resolution. The other photon (the reference photon) propagates freely to a CCD camera or other form of spatially resolving detector, without ever encountering the object. Although neither photon is capable of producing an image of the object by itself, the image may be reconstructed from the spatial correlations between them when the pairs are detected in coincidence.
Recently, a number of theoretical and experimental investigations have looked at how ghost imaging is affected by turbulence in the propagation paths [12, 13, 14, 15, 16, 17] . In this paper, we alter the standard ghost imaging configuration by the addition of a phase conjugate mirror in one path and by partially merging the target and reference branches of the apparatus so that both photons experience the same turbulent conditions. We show that this alteration eliminates the effect of the randomly varying turbulence-induced phase shifts on the image.
The basic strategy proposed here, which consists of combining coincidence detection of correlated photon pairs with phase conjugation, is more general than the specific application (transmissive ghost imaging) given in this paper. It may be used for other types applications involving transmission of temporally-or spatially-modulated signals across a distance through a turbulent medium. The problem of optimizing optical communication through the turbulent atmosphere is a longstanding problem [18, 19, 20] ; a variation of the method discussed here which is appropriate for undistorted signal transmission from one side of a turbulent medium to the other is possible and will be discussed elsewhere.
Phase conjugation. A phase conjugate mirror (PCM) [21, 22, 23 ] is a nonlinear optical device for reversing the phase of a propagating light wave. More specifically, if the incoming complex electric field of the wave is E(x)e −iωt , the outgoing field after reflection is complex conjugated except for the time dependence, which is unchanged: E * (x)e −iωt . Phase conjugate mirrors may be constructed to operate via either stimulated Brillouin scattering or four wave mixing over some range of frequencies determined by a set of phase-matching conditions. One reason why PCMs are useful is that they exhibit a well-known cancelation of phase distortions. This effect can be described as follows. Suppose that a set of incoming wavefronts is distorted during passage through some region; for example, they may experience aberration while passing through an optical imaging system or there may be variations in the refractive index of the propagation medium. These distortions may be viewed as the result of spatially varying phase shifts added to the field. After receiving these phase distortions, suppose that the wave reflects off a PCM and passes through the distorting region a second time. An identical set of phase distortions occur on the return trip, canceling the complex-conjugated phase distortions from the first passage. This phase cancelation effect has a number of applications and has been used in the past to mitigate the effects of turbulence in imaging and signalling systems, with a number of different methods developed [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] using four-wave mixing or dynamic holography. Each method has its advantages compared to the others, but each also has drawbacks. For example, some of the proposed methods require the signal to make a round-trip back to its starting point, or require active cooperation between sender and receiver. Some methods work only for distorting media that are thin enough to completely image into a phase-conjugate mirror, while others work only for static aberrations or only for aberrations changing with very short characteristic time scales. Still others require a second reference beam that must remain coherent with the signal beam.
A new approach. The method proposed here combines phase conjugation with a ghost imaging approach in a manner that eliminates the drawbacks mentioned above. For example, the photons are detected pairwise (similar to previous schemes involving reference beams), but the photons in the detected pairs are automatically coherent with each other due to their correlated production and the use of coincidence detection. Similarly, beyond the initial setup of appropriate sources and detectors at the two ends, there is no need for active cooperation between the ends. No round trip is needed, so information may be transmitted from one side of the turbulent medium to the other. Rather than sending a single photon across the medium and back, the idea here is to send two correlated photons through the medium just once, with no return trip, arranging for distortions to cancel between the two of them.
The scheme described here is part of a progression of methods (dispersion cancelation [36, 37, 38], aberration cancelation [39, 40, 41], etc.) that have been developed using classically correlated light beams or quantum mechanically entangled photon pairs to cancel various types of optical distortions in a variety of different situations. Since turbulence may be viewed as a form of aberration that varies randomly in time, the work here is a logical next step in this progression. In particular, if we remove the phase conjugate mirror from the apparatus described below ( fig. 3) , the resulting device is essentially the same as that used in [42] to cancel oddorder aberrations induced by an optical imaging system. The passage of the photons through the turbulent medium while preserving the total phase of the biphoton wavefunction can be viewed as the result of having performed the measurement on a decoherence-free subspace [43, 44] of the two-photon system. This approach bears similarities to ideas that have appeared in other contexts. For example, the plug and play quantum cryptography system of [45] , which required a single photon to undergo a round trip, was altered in [46] to allow a pair of entangled photons to accomplish the same goal in a single one-way trip, making use of the stable phase relation between the entangled photons. Similarly, Erkmen and Shapiro [47, 48] used phase conjugation to cancel the phase dependence of photon pairs in order to simulate dispersion-canceled quantum optical coherence tomography (QOCT) with classical states of light and second-order interference.
Outline of the paper. We proceed as follows. In section 2, we briefly review ghost imaging and quickly survey the work done to date on ghost imaging through turbulence. Then we describe two types of lensless phase-conjugated ghost imaging: with the two photons experiencing independent turbulent conditions in section 3 and with both feeling the same turbulent conditions in section 4. The desired turbulence cancelation will appear in the latter case. In the following, we will assume for the sake of specificity that the illumination is provided by a downconversion light source. However, the entanglement of the downconverted pairs will play no role, so there appears to be no physical obstacle to using spatially-correlated classical light beams or a pseudothermal speckle source instead, as will be discussed in section 5. Conclusions and a brief mention of one potential application follow in section 6.
Ghost imaging and turbulence
Ghost imaging. In 1995, it was demonstrated experimentally [49] (based on theoretical work in [50, 51] ) that if a double slit was placed in one of a pair of beams originating from downconversion, no interference pattern would be formed in that beam (due to its insufficient coherence), but that the interference effects would reappear if the coincidence detection rate between the two beams was measured; coherence is maintained for the pair of beams as a whole. This effect became known as ghost interference or ghost diffraction, with the word "ghost" referring to the seemingly spooky nonlocal nature of the effect. The first demonstration of the related effect of ghost imaging was made soon after in [1], using frequency-entangled photon pairs generated by type II downconversion.
In ghost imaging, a light source produces entangled photon pairs or spatially correlated pairs of light beams. One member of each pair (the target photon or target beam) is transmitted through an object, then detected by bucket detector D 2 . D 2 should be large enough to collect all of the signal photons arriving at the far end of the apparatus. The detector registers whether photons passed through the object or were blocked; but since it has no spatial resolution an image can not be reconstructed by using the information from this detector alone.
The other member of the pair (the reference photon or reference beam) travels unobstructed to D 1 , a detector capable of spatial resolution. There are variations of the setup with or without lenses in the reference branch, with the distances in the setup satisfying an appropriate imaging condition in each case. Although D 1 allows spatial structure to be recorded, the photons reaching it have not interacted with the object, so that once again information from D 1 alone will not be sufficient to reconstruct the image. However, when the information from the two detectors is combined via coincidence counting, the image reappears as the coincidence rate is plotted versus position in D 1 .
In [4] , it was shown that ghost imaging can be carried out with classically correlated beams in place of entangled photon pairs. This experiment was the first indication that the essential element in ghost imaging is the spatial momentum correlation of the photons, not the entanglement. In refs. [5, 7] , the question was raised as to whether ghost imaging could be carried out with partially coherent thermal light from a classical source. This was successfully done in the experiments of refs. [8, 9] . Other variations on ghost imaging that have appeared recently include computational ghost imaging [52, 53] and compressive ghost imaging [54] .
Ghost imaging through turbulence. Several theoretical analyses have recently been conducted of ghost imaging in the presence of turbulence. Ref.
[12] looked at the lensless ghost imaging apparatus shown in fig. 1 . A fully incoherent light source was assumed, with turbulence filling both propagation paths. Analytic expressions were obtained for the output of the system, and detailed numerical simulations were performed for the case where the turbulence exists only in the target path. In [14], a similar analysis was performed for a partially coherent source, while in [13] the case where both detectors are spatially resolving was examined. Note for comparison with section 4, that in fig. 1 the two branches are separated, so that the turbulent fluctuations in the branches are independent of each other.
On the experimental side, ghost imaging with and without lenses through thin layers of turbulence have been carried out [15, 16, 17] . It has been found that in the case with lenses the effect of the turbulence is strongly dependent on the location of the turbulent layer, with the effect becoming more prominent as the turbulence is moved closer to the lens. In this paper, we will restrict ourselves to the case of lensless ghost imaging, which is slightly simpler to treat theoretically. Throughout this work, all beamsplitters are assumed to be 50-50, i.e. to have equal reflection and transmission coefficients.
In passing, it might be pointed out that in many cases turbulence between the object and detector D 1 in fig. 1 should have no effect on the ghost image . Since D 1 is a bucket detector that only registers the arrival of light, not its spatial distribution, any additional spatial scrambling of phases and wavefronts after the object becomes irrelevant. This statement will fail to be true, however, if the scintillation effects are sufficiently strong. In addition, if the distance to D 1 is much larger than the size of the D 1 , then some of the photons will begin to miss the detector and the coincidence rate will drop; this fact may limit the distance allowed between the object and the bucket detector.
Phase-conjugated ghost imaging with independent turbulent regions
As a first step toward our goal, consider the apparatus shown in fig. 2 . This differs from that of fig. 1 by the addition of a phase conjugate mirror before the detector D 2 . We assume that a turbulent medium fills the full propagation region and that the distance from the light source to the first beam splitter is negligible compared to d. The free-space Huygens-Fresnel propagation function from point ξ ξ ξ in the source plane to point x in a plane a distance z away is given by
Here, we have neglected an overall constant (independent of x and ξ ξ ξ ) phase. In the presence of turbulence, an extra factor e η(ξ ξ ξ ,x)+iφ (ξ ξ ξ ,x) is introduced,
The functions η(ξ ξ ξ , x) and φ (ξ ξ ξ , x) vary randomly with time, necessitating a time or ensemble average, to be denoted by angular brackets . . . . The method to be proposed here cancels only the phase fluctuations φ (ξ ξ ξ , x). Since the phases are our main focus, we will for simplicity ignore the random amplitude variation or scintillation term η(ξ ξ ξ , x) = 0 through most of this paper; in the conclusion we will briefly discuss the effect of reintroducing a nonzero scintillation term. Since the two photons pass through different turbulent regions, turbulence in each branch will be described by a separate phase function, φ 1 or φ 2 . For analytical simplicity we use the standard quadratic approximation to the 5/3-power law correlation function, with spatially uniform structure function C 2 n . Pairwise correlations of the turbulence-produced phases are given by
for j = 1, 2. The degree of turbulence in path j is described by the parameter α j = 1 2ρ 2 j , where
is the turbulence coherence length [55] . Further, we assume in this section that the fluctuations in the two paths are statistically independent, so that the factorization
may be made. The biphoton wavefunction leaving the crystal as assumed to have a Gaussian spatial profile with radius a 0 and fixed transverse coherence width r c , 
I 0 is a constant, and |Ψ > is the two-photon part of the outgoing state. Use of Eq. (2) tells us that the impulse response function along the path leading to D 1 is
where
The impulse response for the path leading to D 2 will be of the same form, except without the t(x 1 ) factor, and with the whole expression complex conjugated:
Let η 1 , η 2 be the quantum efficiencies of the two detectors, and let A 2 be the (small) area of one detection cell of the spatially-resolving detector. The coincidence rate is then given by
where the correlation function
is the mean square of the biphoton amplitude in the detection planes,
Substituting the propagation functions (eqs. 7 and 8) into eqs. 10-11, we find that
Making use of eqs. 3-5, this becomes
The ξ ξ ξ , ξ ξ ξ ′ integrals are Gaussian, and so can be easily evaluated. The coincidence rate then takes the form R pcm (x 2 ) = Ce
In the absence of turbulence (α 1 = α 2 = 0), the correlation factor m (measuring the spatial correlation of the outgoing beams), resolution R, and field of view W are given by:
For comparison, a similar calculation without the PCM ( fig. 1) gives a coincidence rate of the form
The coincidence rates can be calculated for nonzero turbulence as well, but the resulting expressions are too complicated to provide much enlightenment. We state the results in the appendix for the sake of completeness, but refrain from discussing them in detail. We simply note that for both cases (with PCM and without), the resolution degrades at roughly the same rate with increasing turbulence strength, the resolvable width R growing roughly as √ α for large α. So at this point there seems to be no obvious benefit to including the phase conjugate mirror. However, we show in the next section that by making a change in setup the PCM can lead to dramatic improvement in resolution in the presence of turbulence.
Phase-conjugated ghost imaging with merged paths
A crucial assumption in the previous section (as well as in refs. [12, 13, 14] ) is that the turbulent effects experienced by the two photons are statistically independent. This allowed the factorization of the four-fold expectation value in Eq. (4), which in turn allowed the evaluation of the integrals over the source by means of the two-fold expectation in Eq. (3). We now remove the assumption of independence. This is accomplished in two steps. First, we move the beam splitter of fig. 2 from the source end of the turbulent region to the detector end as shown in fig. 3 , so that both photons now move through the same turbulent region at the same time. Thus, we now have φ 1 = φ 2 ≡ φ and α 1 = α 2 ≡ α. Second, we assume that the two photons in each detected pair take very nearly the same path through the turbulent region; this can be accomplished for example by using light from collinear downconversion. In this case, the final detection points for the two photons, x 1 and x 2 , will be approximately equal, to within the distance allowed by diffraction. Similarly, in downconversion, the two photons are created at essentially the same location with the initial points ξ ξ ξ 1 and ξ ξ ξ 2 always within a submicron distance of each other. Thus, since the distance between the two initial points and between the two final points of the photons are both much smaller than the distance scale over which the turbulence-induced phase factors e iφ vary significantly (typically on the order of centimeters to meters in the atmosphere, depending on the degree of turbulence and the propagation distance), we may take φ (ξ ξ ξ 1 , x x x 1 ) ≈ φ (ξ ξ ξ 2 , x x x 2 ). The distances from the first beamsplitter to the object and the first beamsplitter to D 2 are assumed small compared to d, so that any turbulence in those regions will have little opportunity to affect the outcome. For the case without the PCM, the coincidence rate will now be difficult to evaluate, since the above-mentioned factorization can no longer be done. However, for the PCM-based version of fig. 3 , we find that all of the turbulent phase factors in Eq. (12) cancel. Explicitly, the sum of phases that previously appeared in Eq. (12) now becomes
where we have again assumed that there are only phase (not amplitude) fluctuations. Thus, the random phases induced by the turbulence cancel exactly. The coincidence rate given in the appendix now reduces to the turbulence-free form, Eqs. (14-17). The reason for the cancelation effect is clear. As described in section 1, it has long been known that sending a wave front through a distorting region, reflecting it off a PCM, and sending it back through the distorting region produces an output (on the incident side) of a perfect time-reversed copy of the original, undistorted wavefront. The idea proposed here is similar, except that rather than sending a single wavefront through the distorting medium twice, the idea is to send two wavefronts through the medium once, then combine them (via coincidence counting) after inverting one in the PCM. Thus, no round-trip through the medium is necessary, making undistorted one-way transmission of images or other information possible. For full cancelation of the distorting effects, it is necessary that the two photons be affected equally by the medium; thus, the requirement that they follow the same path through the turbulent region. Further, to eliminate dispersive effects, narrow band spectral filters should be used before the detectors. Since turbulence does not create depolarization, either type I or type II downconversion will work; type II has the advantage that polarizing beam splitters may then be used to separate the signal and idler before detection.
Classical versus quantum
Up to this point, we assumed that the illumination was provided by a parametric downconversion source, which may lead some readers to assume that the turbulence cancellation effect requires quantum entanglement. Entanglement is not, in fact, required. We wish to emphasize that the only essential ingredients for the turbulence cancellation are the following: (i) The detected photons must come in pairs that have gained equal phases during passage through the turbulent region. (ii) For these phases to be equal, it is necessary that they were emitted simultaneously from points close together in the source, and that they are detected at points that have nearly equal coordinates after emerging from the turbulent region. "Close together" in this context simply means separated by a distance much smaller than the characteristic size of the turbulent fluctuations. (iii) The unwanted phase of one of the photons should be reversed before detection.
Clearly, these requirements may be satisfied by classical means, with the paired photons replaced by paired locations in two classical beams. For example, a method similar to that of [2] may be employed for illumination: the object could be scanned by a narrow beam, which is then split. One copy reaches the bucket detector after reflection or transmission from the object, while the other copy is phase conjugated before reaching the spatially-resolving detector. As the scan progresses, an image will be built up, with the turbulent effects cancelling between the two copies of the classical beam. Further, it should be noted that when a downconversion source is used for illumination there is no need for the outgoing photon pairs to be produced at a low enough rate for the pairs to be distinguishable from each other. Thus, we may apply strong pumping of the crystal, producing a high output flux of signal/idler pairs and replacing the coincidence detection by measurement of correlations between detector output currents as a function of position in detector 2.
PCM noise. That we do not need to be in the low-brightness regime for the turbulence cancellation effect to occur is fortunate, since a cursory look at the noise in the phase conjugate mirror shows that the illumination must be relatively bright. If the annihilation operator of the input mode to the mirror isâ in , then the corresponding operator for the output iŝ
where G is the gain. Clearly, the average photon numbers in the input and output modes are related by â †
or,
Typically it is assumed that the noise mode is in its vacuum state, so that N noise = 1. The treatment of the previous sections implicitly assumed that the input and output fields were roughly equal in magnitude, i.e. that G ≈ 2. Thus, N out = N in + 2N noise . In order to prevent the noise from overpowering the signal, it is necessary that the number of photons in each input mode be large, N in >> 1. So if a downconversion source is used for illumination, the crystal must be strongly pumped, taking us away from the low-photon number regime where entanglement and other quantum effects would be visible.
Conclusions
Toward realistic applications. We have shown that the use of phase conjugated ghost imaging has the potential to completely cancel distorting effects due to passage through a medium with randomly varying phase shifts. Although we focused on the entangled-photon case of illumination by collinear parametric downconversion, the same mechanism will also work with a classical light source as long as sufficiently strong spatial correlations can be maintained between the two copies of the light. Thus, robust high-brightness classical sources should work, making the method more practical for real-world applications. One may envision a number of variations of the method designed to cancel turbulent effects in different situations. For example, a potentially useful application of ghost imaging is in reflective stand-off sensing of an object at a location remote from our apparatus [56, 57] . The scheme shown in fig. 4 displays one possible method for conducting remote sensing with turbulence cancellation. A narrow, highly-collimated beam of signal/idler pairs is used to scan the surface of a reflective object separated from our apparatus by a turbulent region. After reflecting back to the investigator's location, the beam is split and detected in coincidence after phase-conjugation of one copy. In this case, both beams are sent to bucket detectors; the spatial information about the target comes from scanning the narrow beam over the object. A more detailed discussion of this and other applications will be carried out elsewhere.
